Abstract. This paper treats three concepts of (h, k)-dichotomy and their correspondents in the uniform cases. The connections between them are established through examples and counterexamples presented on the Banach space of square-summable sequences of real numbers.
Introduction
In the qualitative theory of dynamical systems, the study of dichotomy properties of solutions of evolution equations has proved to be a research area of large intensity. The notion of uniform exponential dichotomy plays an important role in a substantial part of the theory of differential equations and dynamical systems (see, for example, the books [4] , [6] , [9] ).
In some situations, particularly in the nonautonomous setting, the concept of uniform exponential dichotomy is too restrictive and it is important to consider more general behaviors. A natural generalization of both the uniform and nonuniform (exponential and polynomial) dichotomy is successfully modeled by the concept of (h, k)-dichotomy, where a significant number of papers containing many interesting and recent results were published, from which we mention the papers of A. J. G. Bento and C. Silva [5] , M. I. Kovacs, M.-G. Babuţia, M. Megan [7] , M. I. Kovacs, M. Megan, C. L. Mihiţ [8] , M. Megan [10] , R. Naulin and M. Pinto [12] .
In this paper we consider three concepts of (h, k)-dichotomy (both in the uniform and nonuniform case) which contain as particular cases some wellknown dichotomy concepts (exponential and polynomial behavior for example). Characterizations and connections between these concepts are given and with the aid of the last section, many illustrative examples delimit the above mentioned concepts.
Preliminaries
Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded linear operators on X. The norms on X and B(X) will be denoted by · . The identity operator on X is denoted by I. ∆ will be the set defined by ∆ = {(t, s) ∈ R 2 + : t ≥ s ≥ 0} We will denote by h, k : R + → [1, +∞) two nondecreasing functions satisfying lim t→+∞ h(t) = lim t→+∞ k(t) = +∞, and we will refer to them as growth rates. Definition 2.1. A mapping Φ : ∆ → B(X) is called an evolution operator on X if (e 1 ) Φ(t, t) = I for every t ≥ 0; (e) Φ(t, s)Φ(s, t 0 ) = Φ(t, t 0 ) for all (t, s), (s, t 0 ) ∈ ∆. Definition 2.2. A mapping P : R + → B(X) is called a family of projections on X if P (t)P (t) = P (t), for every t ≥ 0.
Remark 2.1. If P : R + → B(X) is a family of projections on X then
is also a family of projections on X, which is called the complementary family of projections of P . Definition 2.3. A family of projections P : R + → B(X) is said to be invariant for the evolution operator Φ if
If P is invariant for an evolution operator Φ then the pair (Φ, P ) will be called a dichotomy pair.
Definition 2.4. Let (Φ, P ) be a dichotomy pair. We say that P is strongly invariant for Φ if for all (t, s) ∈ ∆ the restriction Φ(t, s) is an isomorphism from Ker P (s) to Ker P (t).
For a given dichotomy pair (Φ, P ) with the property that P is strongly invariant for Φ, we denote, for (t, s) ∈ ∆, by Ψ(t, s) the inverse of the restriction of Φ(t, s) from Ker P (s) to Ker P (t).
Remark 2.2. It is easy to verify (see for example [11] ) that for all (t, s) ∈ ∆ we have
In what follows, we will consider the examples on the space l 2 (N, R) consisting of all real valued sequences x = (x n ) satisfying
Example 2.1. (A dichotomy pair with a strongly invariant family of projections)
, where
For every t ≥ 0 define P (t) : l 2 (N, R) → l 2 (N, R) by P (t)x = (a n ), where a 3n = a 3n+2 = 0 and a 3n+1 = x 3n+1 , for all n ∈ N. We will show that:
We will show that (Φ, P ) is a dichotomy pair. Let (t, s) ∈ ∆ and x ∈ l 2 (N, R). We denote by Φ(t, s)P (s)x = (λ n (t, s)), P (t)Φ(t, s)x = (µ n (t, s)) P (s)x = (a n ), Φ(t, s)x = (y n (t, s)) (the sequences (a n ) and (y n (t, s)) being defined above), where, for all n ∈ N,
x n if n = 3k + 1 0 otherwise.
By comparing the above relations one can see that (λ n (t, s)) = (µ n (t, s)), hence (Φ, P ) is a dichotomy pair.
Furthermore, P is strongly invariant for Φ. For all t ≥ 0 we denote by
Let (t, s) ∈ ∆ and x = (x n ) ∈ Y with Φ(t, s)x = 0. From the definition of Φ, one can easily obtain that x = 0, thus showing that the restriction
We have that Φ(t, s)x = (v n ), hence the restriction of Φ(t, s) on Y is surjective. We obtained that P is strongly invariant for Φ, and moreover, we have that
where
Remark 2.3. If a family of projections P is strongly invariant for an evolution operator Φ then it is also invariant for Φ. The converse is not generally true, as shown by Example 2.2.
Example 2.2. (Dichotomy pair (Φ, P ) for which P is not strongly invariant for Φ)
and
, k ∈ N.
We have that
First of all, we will prove that P is invariant for the evolution operator Φ. Let x ∈ l 2 (N, R) and (t, s) ∈ ∆. If t = s then we have that
If t > s we distinguish two cases.
In the first case, assume that s = 0. Denote by P (0)x = (a n ) and Φ(t, 0)P (0)x = (λ n (t)). It follows that for n ∈ N, a 3n+1 = x 3n+1 , a 3n+2 = x 3n+2 and a 3n = 0 hence
From (2.2) and (2.3) it follows that (λ n (t)) = (b n (t)) hence Φ(t, 0)P (0) = P (t)Φ(t, 0).
By (2.4) and (2.5) the conclusion finally follows. We will show that P is not strongly invariant for Φ. Assume the contrary. Then in particular Φ(1, 0) : Ker P (0) → Ker P (1) is an isomorphism. It follows that there exists x ∈ l 2 (N, R) with Φ(1, 0)Q(0)x = (y n ) where
By the definition of Φ(1, 0) and by denoting Φ(1, 0)Q(0)x = (u n ), we have that
But (y n ) = (u n ) which, from the above relations, is a contradiction.
In what follows, we present two leading examples of dichotomy pairs which will be used throughout the paper. Example 2.3. Let X = l 2 (N, R) and p : R + → R + be a nondecreasing function. For every t ≥ 0 we define P 1 (t) :
Let t ≥ 0. One can see that P 1 (t) is linear and if x = (x n ) ∈ l 2 (N, R), we have that
from where it follows that P 1 (t) ∈ B(l 2 (N, R)) and P 1 (t) ≤ 1 + p(t). Moreover, let t ≥ 0 andx = (x n ) given bỹ
it follows that P 1 (t) ≥ p(t). From here we get that
Moreover, for (t, x) ∈ R + × l 2 (N, R) we have that the complementary family of projections of P 1 is given by Q 1 (t)x = (z n (t)) where
Moreover, for (t, s, x) ∈ ∆ × l 2 (N, R) one can see that
for all (t, s) ∈ ∆.
We have that for all t, s ∈ R + the following relations hold:
it follows that Φ 1 is an evolution operator. The family of projections P 1 is invariant for Φ 1 hence (Φ 1 , P 1 ) is a dichotomy pair. Moreover we have that
Example 2.4. Let X = l 2 (N, R) and define P : R + → B(l 2 (N, R)) by P (t)x = (y n (t)) where
We have that P is a family of projections with P (t) = Q(t) = 1 for all t ≥ 0, where Q(t)x = (z n (t)) is given by
For ϕ, ψ :
for all (t, s, x) ∈ ∆ × l 2 (N, R). It is easy to see that (Φ, P ) is a dichotomy pair and for (t, s, x) ∈ ∆×l 2 (N, R) one has that
3 (h, k)-dichotomy Definition 3.1. A dichotomy pair (Φ, P ) is said to be (h, k)-dichotomic (and we denote (h, k) − d) if there exist a nondecreasing function N : R + → [1, +∞) and two positive constants α, β > 0 such that
for all (t, s, x) ∈ ∆ × X.
If N : R + → [1, +∞) from the above definition is constant, then we say that (Φ, P ) is uniformly (h, k)-dichotomic (and we denote u − (h, k) − d).
The converse is not generally true, as shown in Example 3.1.
Example 3.1. (Dichotomy pair that is
(h, k) − d but not u − (h, k) − d) Let (Φ 1 , P 1 )
be the dichotomy pair from Example 2.3 with ϕ(t) = h(t)
3−cos ln h(t) , ψ(t) = k(t) 3−cos ln k(t) and p(t) = 0, h(t) = k(t) = N (t) = t + 1, t ≥ 0. Then we have that
Then there exist N ≥ 1 and α > 0 such that for all n ∈ N and for t n = e 2nπ − 1 and s n = e which lead us to the contradiction e 2nπ ≤ N e −π/2 , for all n ∈ N.
Remark 3.2. If (Φ, P ) is (h, k) − d then the following condition holds:
Indeed, if x ∈ Ker P (s) ∩ Ker Φ(t, s) then P (s)x = 0, Q(s)x = x and Φ(t, s)Q(s)x = 0. Then, from (kd 2 ) it follows that Q(s)x = 0 and hence x = P (s)x = 0.
Proposition 3.1. Let (Φ, P ) be a dichotomy pair such that P is strongly invariant for Φ. Then (Φ, P ) is (h, k) − d if and only if there exist a nondecreasing function N :
Proof. See [7] , Theorem 3.2.
4 Strong (h, k)-dichotomy 
If N : R + → [1, +∞) from the above definition is constant, then we say that (Φ, P ) is uniformly strongly (h, k)-dichotomic (and we denote u.s − (h, k) − d).
In particular, if N is constant, then the family of projections P is bounded i.e. P (t) ≤ N, for all t ≥ 0.
The converse is not generally true, as it can be seen in Example 4.1
Consider the dichotomy pair (Φ 1 , P 1 ) from Example 2.3 with p(t) = N (t)−1, ϕ(t) = h(t) and ψ(t) = k(t), where h and k are arbitrary growth rates and N is an unbounded function. It is easy to check that (
Remark 4.3. As we will see in Proposition 4.1 and furthermore, the above defined concept of (h, k)-dichotomy is more general than its correspondent in the strongly invariant case.
Remark 4.4. The following assertions hold true: 
Then, by Remark 4.1, we have that there exist a nondecreasing function N :
This leads us to the contradiction
It follows that ( 
given by
we have that
The case in which t = s obviously leads us to the above estimation, and so the conclusion follows.
In what follows, we will show that (Φ, P ) is not (h, k) − d, and hence it is not u − (h, k) − d. Assume, by a contradiction that (Φ, P ) is (h, k) − d. We will disprove the result from Remark 3.2. Let x = (x n ) given by
Obviously x ∈ l 2 (N, R) and denote, for every s ≥ 0, Q(s)x = (z n (s)), where
hence (z n (s)) is a nonzero sequence. Consider now (t, s) ∈ ∆ with t > s. By denoting Φ(t, s)Q(s)x = (q n (t, s)), with
Proposition 4.1. Let (Φ, P ) a dichotomy pair such that P is strongly invariant for Φ. If the following conditions hold:
Proof. The idea of proof is a generalization from its correspondent in the exponential case from [3] . We can see that (shd' 1 ) is equivalent to (shd 1 ).
To prove the second implication, let (t, s) ∈ ∆. It follows that Example 4.4. Assume that for all t ≥ 0, k(t) ≥ N (t). Consider the dichotomy pair from Example 2.1. We will show that (Φ, P ) does not verify (kd 2 ) nor (skd 2 ). Assume by a contradiction that there exists N :
for all (t, s, x) ∈ ∆ × l 2 (N, R). Choose s = 0, t ∈ R + and x = (x n ) given by
We have that Q(t)x = x and by (2.1), we have that Ψ(t, s)Q(t)x = (z n (t, s)) with
by our assumption, we obtain the contradiction
Moreover, the same contradiction is obtained if we assume that (Φ, P ) satisfies (skd 2 ). Now we introduce a concept of (h, k)-dichotomy that takes some properties from both of the above, being more general than both of them, although we will see that between the below defined (h, k) − d and (h, k) − d there are no connections, only a nontrivial intersection of them. The properties that we mentioned earlier are the following: w − (h, k) − d will be defined using operator topology inequalities as in s − (h, k) − d and it will not require boundedness of the families of projections -in contrast with the s − (h, k) − d property -which will bring the w − (h, k) − d property more closely to the (h, k) − d property.
5 Weak (h, k)-dichotomy for all (t, s) ∈ ∆.
If N : R + → [1, +∞) is constant, then we say that (Φ, P ) is uniformly weakly (h, k)-dichotomic (and we denote u.w − (h, k) − d). 
